We determine a bound for numbers of minimal generators for a class of submodules of a finitely generated module M with dimension d ≥ 1.
Introduction
Throughout this note the ring R is commutative Noetherian with non-zero identity and M is a finite (that is, finitely generated) R-module. We use the notations µ(K) and ℓ(K) respectively for the minimal number of generators and the length of an Rmodule K. It is a well-known fact that a local ring is of dimension at most one if and only if there exists a non-negative integer n such that µ(I) ≤ n for all ideals I of R, cf.
[S; Theorem 1.2, chapter 3]. For a zero-dimensional local ring, J. Watanabe found the following theorem: for any ideal I of R and any element x ∈ m, we have µ(I) ≤ ℓ(R/xR), cf. [W] . To find uniform bounds in rings of dimension greater than one, we must restrict ourselves to appropriate subclasses of the class of all ideals in the ring. In [G] , Gottlieb proved one such result: Let R be a local ring of dim d ≥ 1. Let q be an ideal generated by a system of parameters. Then µ(I) ≤ ℓ(R/q) for all I such that depth R/I ≥ d − 1.
In [M] , Matsumura proved the following theorem for finite modules:
Theorem 2]) Let (R, m) be a local ring and let M be a finite Rmodule of dimension at most one. Let N be a submodule of M and let x ∈ m. Then µ(N) ≤ ℓ(M/xM).
The aim of this paper is to obtain a uniform bound for a certain class of submodules from the following theorem: Let (R, m) be a local ring, let M be a finite R-module of dimension d ≥ 1 and let q be an ideal of R generated by a system of parameters on M. Let N be a submodule of M with depthM/N ≥ d − 1. Then ℓ(N/qN) ≤ ℓ(M/qM).
Main results
First of all we bring a generalization of [S; Theorem 1.2, chapter 3] for modules. 
Case 2. ℓ(M/N) = ∞. We can reduce this case to Case 1. By the Artin-Rees theorem there exists t ∈ N such that m Proof. We prove it by induction on d. For d = 1 the assertion follows from Theorem 2. Suppose that d > 1, Min(AnnM) = {p 1 , p 2 , . . . , p t } and Ass(M/N) = {p t+1 , . . . , p n }. Since dim M > 0 and depthM/N > 0 we have that p i = m for each i ≤ n. Let q be an ideal of R that is generated by a system of parameters on M. Since SuppM/qM = {m} we have thatm
On the other hand we have that depth R M/N = depth R M/N where N = (N + xM)/xM, cf. [BH; Exercise 1.2.26] and hence
Since x / ∈ qm we can extend x to a minimal generating set for q and hence Q = q/xR is generated by a system of parameters on M. Thus by the induction hypoth- 
